We examine the local behaviour of the regularised stress tensor commonly used in calculations of the Casimir force for a dielectric medium inhomogeneous in one direction. It is shown that the usual expression for the stress tensor is not finite anywhere within the medium, whatever the temporal dispersion or index profile, and that this divergence is unlikely to be removed through a simple modification to the regularisation procedure. Our analytic argument is illustrated numerically for a medium approximated as a series of homogeneous strips, as the width of these strips is taken to zero. The findings hold for all magnetodielectric media.
I. INTRODUCTION
In 1948 Casimir offered an argument for the existence of an attractive force between two parallel uncharged mirrors that exists even at zero temperature [1] -a force arising from the ground state properties of the electromagnetic field. Yet, calculation of the Casimir force requires a regularisation procedure. The quantisation of the field results in an infinite contribution to the ground state energy, a portion of which must be removed before a finite, physical force can be extracted.
A more realistic physical description should include dispersion and dissipation, and Lifshitz theory offers this apparatus [2] ; one that fits well to experiments [3, 4] . The formalism is written in terms of the electromagnetic Green function, which describes the field produced by sources of current within the system. A stress tensor is written in terms of this Green function, from which a force can be derived. The physical picture behind Lifshitz theory is this: the ground state of the coupled system of electromagnetic field and dielectric is one with non-zero current density within the media [5, 6] , consistent with the fluctuation dissipation theorem [7] . The Casimir-Lifshitz force arises from the interaction of these currents.
The stress tensor, however, at least contains the same divergent contribution that appeared in Casimir's original work, and must also be regularised. Typically this is achieved through subtracting from the total Green function an auxiliary Green function associated with an infinite homogeneous medium [6, [8] [9] [10] [11] . One can then compute a finite stress tensor for the system that depends on the dielectric functions of the material at imaginary frequencies (quantities obtained from the dielectric properties for real frequencies by Hilbert transformation). Only then can the force be derived. Both Casimir's and Lifshitz' regularizations give identical results in the limiting case of a cavity sandwiched between perfectly reflecting mirrors [10] .
In more recent work, it has been found that the aforementioned method of regularisation fails to yield finite results when applied to an inhomogeneous dielectric, when the optical properties vary continuously in space [9] . An alternative form for the regulariser has been proposed [9, 10] , but this does not succeed (see appendix A). One resolution to this apparent problem could be that the stress tensor is not meaningful within a medium, being irrelevant to the computation of forces in vacuum. However, not only is this point of view fundamentally dissatisfying, but the experimental situation of interest is often that of media embedded within a fluid [3] , where the Casimir force must be computed using the stress tensor within the fluid. We might ask for the value of the force in the case when we have an inhomogeneous fluid, and at present it seems that Lifshitz theory cannot provide an answer [26] .
Here we extend the analysis of [9] in an attempt to find the origin of this problem, and to examine the prospects for obtaining the electromagnetic stress within an inhomogeneous medium. According to our treatment, it seems unlikely that any simple modification of the regularization procedure will be successful. We illustrate the development of the divergence in the passage from a piece-wise definition of a medium to a continuous one, finding that-without the input of additional physics-it seems necessary to make a somewhat arbitrary correction to the Green function in order to make the stress finite.
II. THE REGULARISED STRESS IN THE CONTINUUM LIMIT
The usual expression for the stress tensor, when applied to a medium that is piece-wise defined along a single axis is known to be finite. This is so long as we do not ask for all of the components of the stress tensor as we approach the boundaries of the homogeneous regions [12] . To be explicit, for a region of width a where and µ are homogeneous, the value of the regularised stress tensor at a point x can be written in terms of the reflection coefficients (as opposed to the Green functions) associated with sending q-polarized (q = s, p) plane waves to the right (r qR ) and to the left (r qL ) of this point [10, 13, 14] ,
1 − r qL r qR e −2aw ,
(1) where w = (n 2 κ 2 + k 2 ) 1/2 , k = |k |, and n is the value of the refractive index in the homogeneous region surrounding x. The reflection coefficients are functions of the imaginary frequency, ω = icκ, the (real) in-plane wave-vector k , and the material parameters of the media to the right and to the left of the homogeneous region. The advantage of writing the stress tensor in this form is that the regularization procedure of Lifshitz theory is automatically implemented [10] . The contributions to the stress arise entirely from inhomogeneities in the system. Here we investigate the behaviour of (1) in the limit as the piece-wise definition of the medium becomes a continuous function (a → 0).
FIG. 1:
The medium is assumed inhomogeneous along x and is divided into N homogeneous slices of width a. The local value of the regularised stress tensor, (1) is then investigated within the medium in the limit as a → 0. For the purposes of illustration only the permittivity, , is shown here. Our analysis holds for both inhomogeneous permittivity and permeability.
III. GENERAL ARGUMENT FOR MEDIA INHOMOGENEOUS IN ONE DIRECTION
We initially approximate the inhomogeneous medium as a series of N homogeneous strips of width a (see figure  1) , only taking the limit of N → ∞ and a → 0 in the final step of the calculation. The transfer matrix technique can be used for such an analysis of the field [14] [15] [16] [17] , the field in strip j + 1 being related to that in j by,
The index, q labels the polarization as in (1), and t q (j+1) is the transfer matrix relating the field on the far right of slice j to that on the far right of slice j + 1. In (2) the electric field amplitude, E q is written as a two element vector containing the right (+) and left (−) going parts,
We number the transfer matrices in (2) from 1 to N + 1, with 0 and N +1 equal to the vacuum permittivity, and µ 0 and µ N +1 the vacuum permeability. In each of these slices t q is given by the usual expression for the transfer matrix in piece-wise homogeneous media (e.g. [15, 17] ). For the imaginary frequencies, ω/c = iκ, encountered within (1) the x-directed wave-vector in the jth slice is also imaginary, k j = iw j , where,
. We aim to apply this formalism to show that the stress tensor (1), though regularised, fails to be finite when the properties of the medium are represented by continuous functions of position. The divergence of (1) is anticipated to come from the integral over k = |k |. Physically-considering the allowed modes on the real frequency axis-we can picture this divergent contribution arising due to waves of high k undergoing reflections from the inhomogeneity of the medium. As k is increased within the integrand, the contribution of these waves to the local value of the stress tensor fails to diminish sufficiently rapidly, when presumably in reality they should not be supported by the medium at all.
To understand the reason for our suspicion, before proceeding with a more lengthy argument below, consider (1) in a cavity of width a (see figure 1 ). This quantity is finite when we integrate over k due to the exponential decay associated with propagation across the cavity, which is increasingly rapid as k increases. Indeed, once k becomes sufficiently large then the field cannot reach the boundaries of the cavity at all and the reflection coefficients correspondingly tend to zero. However, upon shrinking a, this convergence becomes slower, a higher value of k being required before the field fails to make a round trip across the cavity. Given that a continuous medium can be understood as the limit where a → 0, and the refractive index contrast between the cavity and the walls becomes infinitesimal, we should ask whether the reflection coefficients vanish fast enough as a → 0 in order for the stress (1) to be finite. It seems that they do not: changing variables in (1) to ζ = aw, and ξ = ak , we find the whole integral multiplied by a −3 . Meanwhile in this limit the reflection coefficients would in general have contributions linear in a (this being the order of magnitude of the contrast in and µ between the cavity and the walls), which would still leave a term proportional to a −1 within the stress tensor: a term which diverges in the continuum limit.
We shall now attempt to make these rough arguments more precise. For the purpose of identifying this anticipated divergence, we restrict our attention to the regime of the integrand in (1) where the in-plane wave-vector is large in comparison to the 'refractive index' multiplied by the 'frequency', n j κ/k 1. The quantity w j then becomes constant throughout the medium w j ∼ k and the transfer matrices simplify to,
where ∆µ j = µ j+1 − µ j , ∆ j = j+1 − j , and,
We now examine the field at a fixed point in the medium, x l , that is within the lth slice. To calculate the value of (1) at this point we require expressions for both r R , and r L . These can be calculated in terms of the transfer matrices T R , and T L that are respectively associated with propagation through the medium to the right and to the left of x l . The expressions for these quantities are,
It is not possible to analytically evaluate (6) unless we make a further approximation. The approximation we make is equivalent to the Born approximation in quantum mechanics, where we assume that scattering is weak [16, 18] : in electromagnetism this means that the properties of the medium must change slowly as a function of position. Products of the transfer matrices can then be truncated to first order in ∆ and ∆µ [15] . Such an approximation is quite well suited to our situation, for it is the case where the value of the stress ought to be minimal. Inserting (4) and truncating the products (6) to first order, we have for example,
where the summation over j runs from 0 to l − 1 in T 1L and from l to N in T 1R . As can be seen from (4), the form of T 2L and T 2R only differs in replacing permeability with permittivity, and multiplying by a pre-factor, which does not affect the reflection coefficients.
In the continuum limit, the summations within (7) become integrals over quantities involving the logarithmic derivative of µ with respect to x. Had we not truncated (6) to first order in ∆µ j , we would also have a series of additional terms that in the continuum limit become products of integrals over higher powers of the first derivative of µ. For example, the second order correction to T 1L is given in appendix B.
Applying the usual expressions for the reflection coefficients in terms of ratios of the elements of the transfer matrix [27] , we calculate r qL and r qR from (7) and the equivalent quantities for the second polarization. We find for the first polarization, 
The reflection coefficients for the second polarization are of an identical form but with permeability replaced by permittivity. The additional factors of a/2 within the exponentials have been introduced such that the point x l is at the centre of the lth slice.
The integrand of (1) is evaluated at a fixed κ, and a semi-infinite part of the integral over k is taken, [K, ∞), where, on the basis of our earlier discussion, we expect this expression to diverge, and where it is assumed that the reflection coefficients can be taken as (8) to within a reasonable approximation,
In the final step we have expanded the denominator in a series of ascending powers of the reflection coefficients. We assume that r qL r qR e −2k a < 1 so that this sum converges for all a and all k . It is then possible to interchange the order of integration and summation, and we introduce the quantities,
The expressions given in (8) are now inserted into (10), then the integral over k in all these terms can be evaluated, yielding for instance,
with the further terms containing higher powers of the ∆µ i . The expression given in (11) can be increased to an arbitrarily large value through decreasing the width of the slicing, due to the terms within the summand around k − j = 1. To see this, consider the continuum limit (x l → x). In the limit, (11) becomes,
This expression clearly diverges. It therefore seems that there is no finite continuum limit of the regularised stress tensor (1). It is important to emphasise that including the additional terms in the series (9), as well as corrections such as (B1), does not affect this result. These contributions diverge in a similar manner, but represent higher powers of the derivatives of and µ-terms that vary quite independently as the spatial dependence of and µ is changed, and therefore cannot be expected to cancel in general. As the remainder of the integral over k is finite, we conclude that the whole integral diverges as a → 0. Consequently (1) diverges everywhere within an inhomogeneous medium described by and µ that are continuous functions of position. This is independent of how these quantities depend on imaginary frequency.
We might wonder how finite results ought to be extracted from this formalism. The advantage of the usual regularisation procedure is that it removes an infinite quantity that does not depend on the inhomogeneity of the medium, and such a quantity cannot be relevant to the force. Conversely, here we have a divergent contribution that is due to the inhomogeneity of the medium, and it is not clear what should be subtracted to obtain the (finite) physical value of the stress tensor. The divergence originates within the fact that the reflection coefficients (8) do not go to zero fast enough as k → ∞ in the limit where a → 0. Therefore we could terminate the integral over k at some finite cut-off. However, the value of this cut-off would be a matter of choice. Alternatively, before the continuum limit is taken in (11), we might just remove some small region of the sum around the point where k − j = 1, although the size of this region would also be arbitrary. This problem is reminiscent of that found in the theory of spontaneous emission within an absorbing dielectric, where an additional physical parameter-equivalent to removing a portion of the dielectric in the immediate vicinity of the atommust be introduced in order to obtain a finite emission rate [19, 20] .
IV. NUMERICAL ILLUSTRATION
The divergence demonstrated analytically above was first spotted numerically when attempting to compute a stress profile for a system similar to the one in [9] , and the results of these numerical computations serve to illustrate the argument. For the sake of simplicity we consider an impedance-matched system = µ = n with the refractive index profile
The system contains an inhomogeneous region between x = 0 and x = Log(3). In order to investigate the properties of this system using the transfer matrix technique described earlier (but dispensing with the approximations (7)), we divide the inhomogeneous region into N homogeneous pieces (see figure 2) , and determine the left and right reflection coefficients within each piece. It is then possible to calculate the local value of the regularised stress. The formula for the stress (1) can be rewritten more simply in this case [10] , noting that the coefficients depend only on the magnitude of the wave vector components, and not on the angle between them [28] :
1 − r L r R e −2aw dk dκ.
As N becomes large (i.e. as the cavity width a becomes small), the approximation becomes increasingly accurate. Prima facie, there should be little to distinguish the physics of the case N = 400 from the case N = 800, as both approximations of the continuum case are now very smooth. Nevertheless, as figure 3 shows, the stress (though regularised) increases markedly, and it continues to grow as more slices are added. Why is this happening? Plots of the integrand of the stress (13) , where the wave number k and the number of slices N are allowed to vary, show that the integral falls off less and less rapidly with k as N is increased (figure 4).
FIG. 3:
The medium, inhomogeneous between x = 0 and x = Log(3), is divided into 100, 200, 400 and 800 homogeneous slices. The local absolute value of the regularised stress tensor (13)-normalised in units of c/π 2 -is plotted for each case at a given position x. The stress increases as the number of divisions increases.
FIG. 4:
The integrand of the stress (13), σ , (normalized in the same units as figure 3 ) is plotted for κ = 1 at the centre of the system, with k varying from k = 1 to k = 6000 (horizontal axis), and N ranging from t = 10 to t = 6000 (depth axis). As the number of slices N is increased, the integrand falls off less rapidly with k , and thus the integral of the stress converges less rapidly.
V. CONCLUSIONS
From our investigation, it is clear that a calculation of (1) for a piecewise definition of an inhomogeneous medium does not represent an approximation to the continuous case. We have found that the expression for the stress tensor commonly employed in calculations of the Casimir force is not finite anywhere within an inhomogeneous medium. Our result is consistent with the findings of [9] , and illustrates the generality of the problem of specifying the local value of the electromagnetic stress tensor at T = 0K when the material parameters vary continuously over space. Moreover, we identify a divergence of the local value of the stress tensor that cannot be removed by the procedure of regularisation usually advocated; it arises specifically due to the unphysical contribution of high wave numbers in the continuum limit. This problem does not seem to be widely appreciated in the literature. In [14] and in [21] reflection coefficients were similarly employed to determine the Casimir force in systems with increasingly refined inhomogeneous features, but the limits of the applicability of this technique were not commented on (see also [26] ).
One possible explanation for the divergence we identify is that the Casimir force does in fact depend on such small-scale inhomogeneities as a continuously varying medium introduces, and an additional physical parameter -perhaps equivalent to removing a portion of the dielectric around the measuring point -could be required (cf. [19, 20] ). If so, it seems unlikely that a generally finite and physically meaningful result could be obtained through a simple modification to the existing regularisation procedure; such an additional parameter would presumably depend upon the microphysical properties of the material. Alternatively, perhaps the sensitivity of the Casimir force to microscopic discontinuities simply cannot be described by classical wave propagation. A modification to the regularisation in that case, might still be possible though it is difficult to see what this may involve. Either way, there is evidently additional physics to take into account on this scale to address the problem of the Casimir force in inhomogeneous media. The correct solution, however is not something that can be deduced directly from the piece-wise approximation. 
each element of which in the continuum limit becomes a double integral over a quantity involving the second power of the logarithmic derivative of µ.
